SYMMETRY AND ASYMMETRY: THE METHOD 
OF MOVING SPHERES 



Qinian Jin * YanYan Li f and Haoyuan Xu * 
1. Introduction 

In this paper we will consider some nonlinear elliptic equations on R n and S n . 
We first consider 

(1.1) Au + -^-u + u («+2)/(«-2) = o and u > o in r«\{o}. 

\ x \ 

Through the work of Obata [25], Gidas-Ni-Nirenberg [10] and Caffarelli-Gidas- 
Spruck [6], the asymptotic behavior of solutions of (1.1) as well as the classification 
of global solutions are well understood in the case when c = 0. In [28] Veron raised 
the following question: For c 6 R, c / and n > 3, let u E C°°(IR n \{0}) satisfy 
(1.1). Is it true that u must be radially symmetric about the origin? He pointed 
out that there might be non-radial solutions of certain form as suggested in section 
4 of [3]. The following result partially answers this question. 

Theorem 1.1. (i) If c > (n — 2) 2 /4 ; then (1.1) has no smooth solution. 

(ii) If c > then any u G C°°(lR n \{0}) satisfying (1.1) must be radially sym- 
metric about the origin, u'(r) < forO < r < oo, and there exists a positive 
constant C such that u{x) < C\x\-^ 1 -^/ 2 for x G M n \{0}. 

(iii) If c < (n — 2) 2 /4 then (1.1) has infinitely many smooth radial solutions. 

(iv) For any c < — (n — 2)/4, (1.1) has non-radial solutions. Moreover, the 
number of non-radial solutions goes to oo when c — > — oo. 

We remark that the non-radial solutions we produced for (iv) are not of the form 
suggested in [3] and it remains to be an interesting question to study the existence 
of solutions of the suggested form. We also remark that the above question of 
Veron remains open for — (n — 2)/4 < c < 0. (iii) was a known result, a proof can 
be found in [9]. It is interesting to note that the number (n — 2) 2 /4 appeared in 
Theorem 1.1 is exactly the best constant in the classical Hardy inequality which 
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states that 

Jk™ V 2 / Jjgn |X| 

for all u e Cg°(R n ) with n > 3. 

In order to prove the radial symmetry of a solution u of (1.1) with c > 0, we 
will use the method of moving spheres, a variant of the method of moving planes 
[10], to compare u with its Kelvin transforms u Xt \: 

\\x — x\J \ \x — x\ z J 

where A > and x£R". 

In order to find non-radial solutions of (1.1) for c < — (n — 2)/4, let v(t,9) := 
e ~ l u(r, 9), where (r,9), < r < oo, 9 € S n_1 , are the polar coordinates of W 1 
and t = — logr. Then u is a solution of (1.1) if and only if v satisfies the equation 

Vtt + A§n _ lV + f c - v + w (™+ 2 )/(™- 2 ) = on S"" 1 , 

where S n_1 is the unit sphere with the canonical metric go induced from R n , and 
Agn-i is the corresponding Laplace-Beltrami operator on S n_1 . If v depends only 
on 9 E S n_1 , then 

(1.2) A Sn -iv + - (n ~ 2) ^ v + w (™+ 2 )/(™- 2 ) = and « > on S n_1 . 

The way we prove Theorem 1.1 (iv) is to show the existence of non-constant 
solutions of (1.2). 

Set N = n — 1, we will consider the existence of non-constant solutions of the 
equation 

(1.3) -A §N v = v p - Xv and v > on § N , 

where A G E, TV > 2 and 1 < p < N*, here N* denotes (N + 2)/(N - 2) if AT > 3 
and oo if TV = 2 respectively. It is clear that (1.3) has no solution if A < 0. It was 
proved in [3], which sharpened an earlier result in [12], that if < A < N/(p — 1) 
then the only solution of (1.3) is the constant v = A 1 /^ -1 ). Since we will use this 
result, let us state it in the following form. 

Theorem 1.2. ([3, 12]) If 1 < p < N* , then the only solution of (1.3) is the 
constant v = A 1 /^ -1 ) for every < A < N/(p — 1). 

By using bifurcation theories and a priori estimates of solutions, we will show 
that (1.3) has non-constant solutions for every A > N/(p — 1). In [3] Bidaut-Veron 
and Veron showed that for 1 < p < N* and A > N/(p — 1) but close to N/(p — 1) 
there exists non-constant solution of (1.3) due to the local bifurcation theory. In [4] 
Brezis and Li gave a somewhat different proof which also implies that for p > N* 
and A < N/(p — l) with \X — N/(p — l)\ small, (1.3) has non-constant solutions. See 
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[5] for some related works. Our result will employ the global bifurcation theorem 
of Rabinowitz [26] . 

In order to state our result more precisely, let us introduce some notations and 
terminology. Let 0(N + 1) be the group consisting of (N + 1) x (N + 1) orthogonal 
matrices, and let G be the subgroup of 0(N + 1) consisting of those elements 
which fix eAr + i = (0, • • • ,0, 1). We say a function v defined on is G-invariant 
if v(O0) = v{9) for 9 £ §> N and O G G. It is clear that a G-invariant function v 
on E> N can be written as v(9) = v(9n+i) for some function v defined on [—1, 1], 
where $at+i denotes the (N + l)-th coordinate of 9. In the following, given a 
G-invariant function v on S N , we will always use v to denote the corresponding 
function defined on [—1, 1] such that v(9) = v(9jy + i). For each integer I > and 
< a < 1 we introduce the Banach space 

Cjf(S N ) = |f G C l ' a (S N ) : v is G-invarant} , 

where C l,a (S N ) denotes the usual Holder spaces. 

We will show that (1.3) has non-constant solutions in Gg Q (S iV ) when A > N/ (p— 
1). For each k we set 

Sk '■= {v <E Gg Q (S Ar ) : v has exactly k zeroes, all of 

(1.4) them are in (—1, 1) and are simple}. 

Clearly Sj are mutually disjoint. Our bifurcation result reads as follows. 

Theorem 1.3. Assume that N > 2 and 1 < p < N* . Let v k = k{k + N - 1) 

and \k := fk/{p — 1) f or k > 1. Then for each k > 1 and < A < Xk+i, (1-3) 
has k distinct non-constant solutions v\, ■ ■ ■ , such that Vj — e Sj for 

l<j<k. 

Next we will consider symmetry properties of solutions of some elliptic equations 
on § n . A point 9 e S n is represented as 9 = (6>i, ■ • ■ , 9 n+1 ) G W l+1 with £ 0? = 1. 
In the following we will always use n and s to denote the north pole and south 
pole respectively, i.e. n = (0, • • • , 0, 1) and s = (0, • • • , 0, —1). When n > 3, the 
conformal Laplacian on §> n is defined as 

_ n{n - 2) 

JL§n .— ZA§n ^ . 

In the following g denotes a given function in G°(fi x (0, oo)), where Q is one of 
the sets S n , S n \ {n} or S" \ {n, s}. which should be clear from the context. 
We first consider the equation 

(1.5) = g(0, v) and v > on S n \{n}. 

We will give the symmetry property of solutions of (1.5) under various conditions 
on g. The following conditions are used in the first result. 

(gl) For each s > the function 9 — > g(9,s) is rotationally symmetric about 
the line through n and s, 
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(g2) For each s > and any 0, 6' on the same geodesic passing through n and 
s, the function — > g(0, s) satisfies g(9, s) > g(6', s) if 9 n+ i > 9' n+1 . 

(g3) For each G S n \ {n,s} the function s -» ,<H n+2 )/( n - 2 )c/(f9, s) is non- 
increasing on (0, oo). 

(g4) For each € S ra \ {n, s} the function s — > 3(6, s) is non-decreasing on 
(0,oo). 

Theorem 1.4. For n > 3, assume that g is continuous on (S ra \{n}) x (0, 00) with 
g(-,s) bounded from below in § n \ {n} for each s £ (0, 00) and satisfies (gl)-(gJf.). 
If ' v € C 2 (8 n \ {n}) is a solution of (1.5) satisfying 

(1.6) liminf u(0) > 0, 

9^x1 

then v is rotationally symmetric about the line through n and s. 

Remark 1.1. Condition (1.6) ensures that our moving sphere procedure can start, 
the proof can be found in Lemma 3.1 in Section 3. If we assume that g(0,v) > 
on § n \ {n}, then (1.6) is satisfied automatically (see Lemma 3.2). 

The proof of Theorem 1.4 is based on a moving sphere procedure on S n , with 
a feature of varying both the radius and the center of the moving sphere, which 
we will introduce in the following. Given a function v on S n , let us first define 
its Kelvin transforms. Fix p € S ra and < A < n, let B\(p) be the geodesic ball 
on S n with center p and radius A. Set S PjA := S n \ B x {p). Let c^ Pi a : § n -> § n 
be the uniquely determined conformal diffeomorphism such that (p Pt \(B\(p)) = 
E Pi a, (p(T, P; x) = B\(p) and ip Pt x fixes every point on dB\(p). Then the Kelvin 
transforms of v are defined by 

n-2 

(1-7) v P:X := \ J^ X \ 2 ™ KM- 

where J iPp x denotes the Jacobian of ^p,A- By the conformal invariance we have 
(1-8) -£ S nt> PiA = I J VpA \-*r (-£ S nv) o ip p X . 

If we use (r,u), < r < n, u> G S n_1 , to denote the geodesic polar coordinates on 
§ n with respect to p, then 

<P P ,\(r,v) = (h\(r),u), 

where h\(r) G (0, it) is determined by the equation 

, , . 2 cos A — (1 + cos 2 A) cos r 

cos h\{r) = — 7— . 

1 + cos^ A — 2 cos A cos r 

Some straightforward calculation then gives 

/ sin 2 A \ n 

I^p.aI^^ Vl + cos 2 A-2cosAcosry' 

^From this we can see that \J iPp x \ < 1 on S Pi a if A < 7r/2 and | J Vp x \ > 1 on E P; a 
ifA>vr/2. 
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For a solution v of (1.5), the proof of its rotational symmetry is reduced to 
showing that v = Vp i7r /2 on ^p,tt/2 \ { n } f° r every p G 9-B Pi7r / 2 ( n )- The comparison 
of v with v p ^x is always possible for small A > if v is regular at p, i.e. there exists 
Ao > such that 

Vp,x < v on S Pi a \ {n} for each < A < Ao- 

The number Ao in general depends on p. Under the conditions in Theorem 1.4 we 
can show that Ao can be taken as tt/2 if p = s. We define 

S:={pe§ n :«> *W/2 m S p>7r/2 \ {n}} 

By using the strong maximum principle and the Hopf lemma we are able to show 
S D B 7T /2(s)- This is enough for our purpose. The way we prove £ D -B„y 2 ( s ) 
is of some independent interest: For any point p G dB n ^( s )j we construct x G 
^([(Ul.S"), AgC°([0,1],[0,7t/2]), satisfying 

x(0) = s, x(l) = p, A(0) = 0, A(l) = vr/2 

and prove 

«x(t),A(t) ^ u on S ^(i),A(t) \ { n l for all < i < 1. 

In fact, we take 

x(t) = s and X(t) = tir for < t < - 

and 

Kt) = \ ^ ^<*<i, 

while for i < t < 1, x(t) goes from s to p along the shortest geodesic (the largest 
circle) . 

We next give a symmetry result on the equation 

(1.9) -C S n V = g(6, v) and v > onS"\{n,s}, 

where a solution v is allowed to have two singularities. For the function g, in 
addition to (gl) and (g3), we will assume the following two conditions. 

(g5) For each s > and any 9,9' on the same geodesic passing through n and 
s, there holds g(9, s) > g(9', s) if 9 n+1 > 9' n+1 > and g(9, s) > g(9', s) if 

#n+l < d' n+ i < 0. 

(g6) Either the inequalities in (g5) are strict or the function in (g3) is strictly 
decreasing. 

Theorem 1.5. For n > 3, assume that g is continuous on (§ n \ {n, s}) x (0, oo) 
with g(-, s) bounded from below in S ra \ {n, s} for each s G (0, oo) and satisfies (gl ), 
(g3), (g5) and (g6). If v is a solution of (1.9) on § n \ {n, s} satisfying 

(1.10) liminf v(9) > and liminf v(9) > 0, 
then v is rotationally symmetric about the line through n and s. 
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Remark 1.2. Similar to Remark 1.1, (1.10) is sufficient for the moving sphere 
procedure to start on the equator. If we assume that g(9,v) > on § n \ {n, s}, 
then (1.10) is automatically satisfied. 

As the first application of Theorem 1.4 and Theorem 1.5, we consider the 
Matukuma equation 

(1.11) -Au = - — -;- ^u p and u > in R n , 

1 + \x\ z 

where n > 3 and p > 0. Let ir n : § n \ {n} — ► M n be the stereographic projection 
which sends n to oo. Let go be the standard metric on S ra . It is well-known that 

n 

(^ 1 )*(5o) = ew 4/( ^ 2) E(^) 2 ' 

1=1 

where 



£0*0 = ( ) > * e 



(n-2)/2 

1 + \x\~ 

For a solution u of (1.11), we define a function v on § n \ {n} by 

«(fl) = (r 1 «)( Tn (0)) I ee§ n \H 

By using the conformal invariance one can check v satisfies (1.5) with 

g(9,s) :=^(l-6 n+1 )^ p -^) s P. 

Thus g satisfies (gl)-(g4) if < p < an d 9 satisfies (gl), (g3), (g5) and 
(g6) if p = Theorem 1.4 and Theorem 1.5 then imply that v is rotationally 

symmetric about the line through n and s, which in turn implies that u is radially 
symmetric about the origin. On the other hand, it is easy to see that there is 
no smooth positive radially symmetric solutions to — Au > j^^uP in IR ra for 
< p < 1. We thus obtain 

Corollary 1.1. If 1 < p < n/(n — 2), then any smooth solution of the Matukuma 
equation (1.11) must be radially symmetric about the origin. If Q < p < 1, (1.11) 
has no smooth solutions. 

Remark 1.3. The result, as far as we know, is new for the case n > 4 and 
for the case n = 3 and < p < 1. When n = 3 and 1 < p < 5, the result 
was proved by Li in [16]. For n > 3 and 1 < p < the result was proved 

earlier by Li and Ni in [17, 18, 19] under an additional finite total mass condition: 
Jit" i+\x\ i uP< ^ x ^ °°' ^ ur me th°d is different from theirs. In [17, 18, 19] under the 
finite total mass condition, they analyzed the asymptotic behaviors of solutions at 
oo to ensure that the moving plane method can start at oo. In [16], Li obtained 
the asymptotic behavior of the solution in dimension n = 3 without the finite total 
mass condition. Our proof, via the method of moving spheres, does not need to 
analyze the asymptotic behavior of solutions at oo. 
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We now consider a special form of equation (1.9) as follows 

(1.12) -C S nv = K(6)v {n+2 V {n -^ and v > on § n \ {n, s}, 

i.e. 5(0, s) = K(6)s (n+2 y (n ~ 2 \ where K{6) is a function defined on S n \ {n, s}. As 
a consequence of Theorem 1.5 we have 

Corollary 1.2. For n > 3, assume that K is continuous and on S n \ {n, s} and 
that K is rotationally symmetric about the line through n and s. Assume further 
that there exists — 1 < c < 1 such that K(6) > K(6') if n+ i > 0' n+l > c and 
K{9) < K{6') if9 n+1 < 9' n+1 < c. Then any solution v G C 2 (8 n \ {n, s}) of (1.12) 
satisfying (1.10) is rotationally symmetric about the line through n and s. 

To see this, let ip c : S n — > S ra be the conformal diffeomorphism such that 
<p c (B n/2 (s)) = T c and y c (S Si7r/2 ) = S n \ T c , where T c := {6 € S n : n+ i < c}. 
For a solution v of (1.12), we define 

v:=\J Vc \ 2n « n - 2 \vo<p c ), 

where J ipc is the Jacobian of ip c . Then 

-£ s «« = {Ko i p c )v { - n+2 V { - n - 2 ') and t) > on S n \ {n, s}. 

We can use Theorem 1.5 to conclude that v is rotationally symmetric about the 
line through n and s and so is v. 

Theorem 1.5 can be used to classify C 2 solutions of the equation 

(1.13) -£§nv = f(v) and v > on S n , 
where / : [0, oo) — > R is a continuous function. 

Corollary 1.3. Assume that n > 3 ond that s _ ( n+2 )/( n_2 )/(s) zs strictly decreasing 
on (0,oo). Then any solution v £ C 2 (§ n ) of (1.13) must be a constant v = c on 
S™ satisfying /(c) = w (" 4 ~ 2 ) c . 

When / satisfies some differentiability condition, Gidas and Spruck obtained 
this result in [12] by using Obata type argument. On the other hand Brezis and 
Li obtained it in [4] by transforming the equation into an equation in W l and then 
using the result established in [11] by moving plane method. 

If we take 

(1-14) 9 (0,s) = s^ + {^l-py 

for some number (3 £ W 1 , then (1.9) reduces to the form 

(1.15) -A S n V + 0v = and v > onS n \{n,s}. 

By using Theorem 1.5 we can analyze the solutions of (1.15) in some detail. 

Corollary 1.4. (i) If (3 < n{n — 2)/4 then any solution v £ C 2 (S n \ {n,s}) 
of (1-15) is rotationally symmetric about the line through n and s. 
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(ii) IfP<Q then (1.15) has no solution v G C 2 (8 n \ {n,s}). 

(iii) If(n — 2)/2 < (3 < n(n — 2)/4, £/ien t/ie equation (1.15) has infinitely many 
solutions in C 2 (§ n \ {n, s}), which have exactly tow singularities. 

It is well known that if u G C°°(S ra \ {n, s}) is a solution of (1.15) satisfying 
v G I"- 2 (§ n ), then t> G C°°(S n ) and thus v must be constant if < (3 < n(n- 2)/4. 
Corollary 1.4 (iii) indicates that (1.15) has non-constant solutions at least for 

2n 

(n - 2)/2 < (3 < n{n - 2)/4 if one drops the condition v G L™- 2 (§™). It is 
interesting to point out that, for (3 = (3q := ^(^ — 2)(3n — 2), 

ra — 2 

is also a solution of (1.15) which has only one singularity at n. Note that (3q < 
(n — 2)/2 for n = 3,4, therefore it is probably true that (1.15) has many solutions 
even if < (3 < (n-2)/2. 

Similar problems can be considered on S 2 . We first consider the equation of the 
form 

(1.16) -A S 2V + 1 = K(8)e 2v + f(8) onS 2 \{n,s}, 

where K and / are continuous functions on § 2 satisfying the following conditions. 
(Kl) For any 9, 9' on the same geodesic passing through n and s, K{9) > K(9') 
if 9 n+1 > 9' n+l > and K(9) < K{9') if 9 n+1 < 9> n+l < 0. 
(fl) For any 9,9' on the same geodesic passing through n and s, f(9) > f(9') 
if 9 n+1 > 9> n+1 > and f{9) < f(9>) if 9 n+1 < 9> n+1 < 0. 
(Kfl) / 2 + (K - jfg 2 K) 2 is not identically zero on S 2 . 
Similar to Theorem 1.5 we have 

Theorem 1.6. Assume that K and f are continuous non-negative functions de- 
fined on § 2 \{n, s} satisfying (Kl), (fl) and (Kfl). If both K and f are rotationally 
symmetric about the line through n and s, then any solution v G C 2 (S 2 \ {n, s}) of 

(1.16) satisfying 

(1.17) limsup- — — -<0 and limsup- — V [^} - < 

e^ n \ogd(9,n) e ^ s logd(0,s) 

must be rotationally symmetric about the line through n and s. 

Remark 1.4. It is well known that if f 2 + (K — 4^ 2 K) 2 = on S 2 , the conclusion 
of Theorem 1.6 is not true. 

As an immediate consequence of Theorem 1.6 we have 

Corollary 1.5. Suppose that v G C 2 (S 2 ) satisfies the equation 

(1.18) -Ag 2 v + 13 = e 2v onS 2 
with < (3 < 1. Then v must be constant. 



Next we consider the equation 

(1.19) -A §2V + 1 = K(8)e 2v + f(6) on § 2 \ {n}, 

where K and / are non-negative continuous functions on § 2 satisfying the following 
conditions. 

(K2) For any 0, 6' on the same geodesic passing through n and s, K(9) > K(0') 
if 0n+ 1 > 0' n+ i- 

(f2) For any 6, 0' on the same geodesic passing through n and s, f{6) > f{6') 
if 9 n+ i > 8' n+1 . 

(Kf2) (/ - f §2 /) 2 + (K — f §2 K) 2 is not identically zero on S 2 . 
Similar to Theorem 1.4 we have 

Theorem 1.7. Assume that K and f are continuous non-negative functions de- 
fined on S 2 \ {n} satisfying (K2),(f2) and (Kf2). If both K and f are rotationally 
symmetric about the line through n and s, then any solution v € C 2 (S 2 \ {n}) of 
(1-19) satisfying 

(1.20) limsup <0 

e ^ n logd(6>,n) 

must be rotationally symmetric about the line through n and s. 
We give an application of Theorem 1.7 to the mean field equation 

n 9-n a I exp(qy(g) - 7 (s,g)) 1 2 

(1-^1 J ^S 2( ^ H — r 7 7 — 7 ; rr : — = U Oil 8 , 

J §2 exp(a(/9((j) - 7(s, a))(i(T 47r 
where a and 7 are nonnegative numbers, It is easy to see that the new function 

v = 77^(0) - o lo § / ex P("V(o-) - 7<s, ff))do- + J log ^ 
2 2 J§2 2 2 

satisfies the equation 

-A S 2V + — = exp(2w - j(s,0)) on§ 2 . 

87T 

This is exactly the equation (1.20) with K{9) = exp(-~f{s,6}) and f(0) = 1 - ^. 
By using Theorem 1.7 we thus conclude the following result which was proved by 
Lin [23]. 

Corollary 1.6. If < a < 8ir and 7 > 0, then any solution of (1.21) must be 
rotationally symmetric about the line through n and s. 

Using the moving sphere procedure, we can also show the following result. We 
consider the equation 

(1.22) -C SnV = K(e)v {n+2)/(n - 2) and v > on S n \ {n}. 

We will use Vi to denote the covariant differentiation on S n with respect to the 
vector field X. 
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Theorem 1.8. Assume that n > 3 and that K is a C 1 function on S n such that 
V a K > and is not identically zero on S n \ {n, s}. If v e C 2 (S™ \ {n}) is a 

solution of (1.22) satisfying 

(1.23) liminf v(9) > 0, 

then 

(1.24) v{9) > C d(9, n )~( n - 2 )/ 2 for all 8eS n \ {n} 

for some positive constant Co, where d(-,-) denotes the distance on § n . In partic- 
ular, (1.22) has no C 2 (8 n ) solutions. 

Remark 1.5. If K > 0, then (1.23) is automatically satisfied. 

Remark 1.6. The non-existence of C 2 (S n ) solution to (1.22) is due to Kazdan- 
Warner [14]. 

Our moving sphere procedure can also be used to obtain a Kazdan- Warner type 
obstruction for some fully nonlinear elliptic equations on S n for n > 3. 

Let go be the standard metric on S n . For n > 3, let A g denote the Schouten 
tensor of a metric g 

< L25 > A » ~ ( ffic » " li^Tf 

where Ric g and R g denote the Ricci tensor and the scalar curvature of g respec- 
tively. 

4 

For 0<!)£ C (S n ), we consider the conformal change of metric g\ = v n - 2 go- 
Then 

An = " + J^W^^ ® V 90 , 

(1-26) - (n ^ 2)2 ^- 2 |V gu H 2 go + A so . 

We assume that 

(1.27) T C M. n is an open convex symmetric cone with vertex at the origin 
such that 

(1.28) r„ c r c ri 

with Ti := {A £ K n : £\ A* > °l and r n := {A G R n : Aj > for all i}, where T be- 
ing symmetric means (Ai, A n ) G T implies (A^, Aj n ) G T for any permutation 
...,i n ) of (1,2, ...,n). 
We also assume that / is a function defined on T such that 

(1.29) / G C^r) is symmetric in T 
and 

(1.30) / > and f x . > in T. 
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Given a positive C 1 function K on § n , we consider the equation 
(1.31) f(X(A gi )) = K, X(A gi )eT and v > on S n . 

4 

where gi = v n ~ 2 go and A(A 91 ) denotes the eigenvalues of A gi with respect to g\. 

Theorem 1.9. For n > 3, assume that (/, T) satisfies condition (1.27)- (1.30), 
and that K is a positive C 1 function on E> n , such that V a K > and is not 

identically zero on E> n \ {n, s}. Then (1.31) has no C 2 (§ n ) solutions. 

Remark 1.7. The non-existence of C 2 (§™) solution of (1.31) under the assumption 

i 

on K, or some similar ones, was known for (/, T) = (a^,Tk), where 

o-fe(A) = ^2 X h---K 

l<ii<-<ik<n 

and 

r fc = {A GlR n :ai(A) >(),••• ,a fe (A)>0}. 

For details, see the work of Viaclovsky [29], Han [13] and Delanoe [8]. Our method 
of proof is completely different from theirs. 

We can also consider the following equation on the half sphere S™ := {8 G S n : 
6i > 0} for n > 3: 



/ ( X(A 4 ) ) = K(6), X(A 4 ) e T and v > on S2. 



(1.32) 

^ <| = F(0)^ ondS^, 
where f denotes the unit outer normal of <9§" . 

Theorem 1.10. For n > 3, assume that (f,T) satisfies (1.21) -(1.30). Assume 
also that K > 0, K £ CHSn) and H € C^dSl) such that V a K > on §" 

S9 n+1 

V a if > on and Zeasi one of these two inequalities is strict somewhere. 
T/ien (1.32) has no positive C 2 (S") solutions. 

Remark 1.8. In the case that /(A) = AiH hA n , the non-existence of C 2 (S™ ) so- 
lution was known, see Bianchi and Pan [2]. Our proof, similar to that of Theorems 
1.8-1.9, is completely different. 

The paper is organized as follows. In section 2, we prove Theorem 1.1 and 
Theorem 1.3. In section 3, we use moving sphere procedure on sphere to show the 
other theorems and their corollaries. 
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2. Some results on Veron's question 

In this section we give the proof of Theorem 1.1. The radial symmetry of 
solutions of (1.1) will be proved in subsection 2.1 by using the method of moving 
spheres. The existence of non-radial solutions of (1.1) follows from Theorem 1.3 
whose proof is based on a global bifurcation analysis and will be provided in 
subsection 2.2. 

2.1. Proof of Theorem 1.1. We first state a calculus lemma due to [21], which 
gives the symmetric property of a function through the investigation of its Kelvin 
transforms. 

Lemma 2.1. If u <G C 1 (M n \{0}) is a function such that for each y ^ there holds 

(2.1) Uy t \(x) < u(x) VO < A < \y\ and \x — y\ > A with x ^ 0, 

then u must be radially symmetric about the origin, and u'(r) < for < r < oo. 

Proof. We include here the proof for completeness. For any x <G M n \{0} and any 
number a > 0, let e be any unit vector in R n such that (x — ae, e) < 0. For any 
number r > a, if we set A = r — a and y = re, then < A < \y\ and \x — y\ > A. 
So we may apply (2.1) to get 

( T — a \ n ~ 2 ( ( T — a \2( x — Te \ 

(2.2) u(x) > ( - — — ) u [ re + ^ J K '- 



re l \ \x — re 



It is easy to check that 



(r — a) < (x — re) , 

re H j ^ > x — 2 ( (x, e) — a) e as r — >• oo. 

|x — re\ 2 

Since (x — ae, e) < 0, we must have i-2((i,e)-a)e/0. Therefore, by sending 
r — > oo in (2.2) and using the continuity of u in M n \{0}, we obtain 

u(x) > u (x — 2 ((x, e) — a) e) . 

This immediately implies that u is radially symmetric about the origin and u'(r) < 
for < r < oo. □ 

Instead of proving the symmetric property about solutions of (1.1) directly, we 
consider the following more general equation 

(2.3) An + a{x)u + u (™+ 2 )/(™- 2 ) = o and u > in R n \{0}, 

where n > 3, A denotes the Laplace operator on W l , and a : R n \{0} — > [0, oo) is 
a continuous function verifying the following property: 

(A) for each there holds 

A A 4 / X 2 z 



— j a yx + y~^> j < a ( x + z )' V0 < A < |x| and |z| > A. 
We have the following symmetry result for solutions of (2.3). 
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Proposition 2.1. Let a : IR ra \{0} — > [0, oo) 6e a continuous function satisfying 
(A). If u £ C 2 (M ra \{0}) is a solution of (2.3), then u must be radially symmetric 
about the origin and u'(r) < for all < r < oo. 

Proof. The proof is based on the method of moving spheres. From (2.3) it follows 
that An < and u > in M n \{0}. So, by the maximum principle, we have 

(2.4) liminf u(x) > and liminf \x\ n ~~ 2 u(x) > 0. 

\x\— +0 |x|^oo 

One can follow the proof of [22, Lemma 2.1] to conclude that for each y ^ there 
exists X(y) > such that 

u y ,x(x) < u(x), V0 < A < A(y) and \x — y\ > A with i/O. 

Define 

X(y) := {0 < /i < |yj : u y ^\(x) < -u(x), V0 < X < fi, \x — y\ > X with 
Then X(y) > 0. By using Lemma 2.1, it suffices to show that 

(2.5) HV) = \V\, Vy€lR n \{0}. 

Suppose that (2.5) is not true, then there exists yo 7^ such that X(yo) < \yo\- Let 
Ao := A(yo), then from the definition of Ao we have 

(2.6) u yo,x ( x ) ^ u ( x ) v l x ~Vo\ > w hh x^0. 
A straightforward calculation shows that 

K,AoW = " (^) 4 <P (w + f^f 1 ) ^o,A (x) " ^ ,A (x)^ 2 )/(™- 2 ). 
Therefore, by using (A) and (2.6), we have for \x — yo\ > Ao with x ^ that 

-A %0iAo (x) <¥ >(x) %0 , Ao (x) +Uj, ,A (aO (n+2)/(n - 2) < -Au(x). 
This, together with the strong maximum principle and the Hopf lemma, gives 

(2.7) u{x) — u y0t \ (x) > 0, V|x - 7/o | > A with x ^ 0, 

(2.8) liminf(u(x) — u yth \ (x)) > and liminf \x\ 2 ~ n (u(x) — u y(h \ (x)) > 0, 

\x\— >0 |x|^oo 

and 

d 

> 0. 



( 2 - 9 ) ^>-% ,A ; 



9Ba (2/o) 

Properties (2.7)-(2.9) lead to, as in section 2 of [22], a contradiction to the definition 
of A(yo)- For reader's convenience, we include a proof. From (2.9) it follows that 
there exists Rq satisfying Xq < Rq < \yo\ such that 

— (u — u vn x)(x) > for Ao < A < Rq and A < \x — yo\ < Rq. 
dr ' 

Since u — u mh \ = on dB\(yo), we have 

(2.10) u{x) — u yih x(x) > for Aq < A < i?o an d A < \x — y$\ < Rq. 
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^From (2.8) one can find c > 0, R\ > \yo\ > Ro and rj > such that 

c\x - y \ 2 ~ n if |z - y \ > R± 

c if < \x\ < rj. 

But it easy to see that there exists E\ > such that if Ao < A < Ao + £i then 

hc\x-y \ 2 ~ n tf\x-y \>Ri 



\u yo ,\{x) - Uy oM (x)\ < 



t^c if < \x\ < rj. 

Therefore for Ao < A < Ao + £\ there holds 

(2.11) u(x) — Uy (h \(x) > if \x — j/o I > i?i or < \x\ < rj. 
Finally, by continuity, (2.7) implies that there exists E2 > such that 

(2.12) u(x) — u y0j \(x) > if Ao < A < Ao + £2) -Ro ^ l x — Vol < Ri an d M > r l- 
Combining (2.10), (2.11) and (2.12) we have for some e > that 

u(x) — u yth x(x) > if Ao < A < Ao + e and \x — yo\ > A with x ^ 0. 
This gives a contradiction to the definition of Ao- We thus obtain (2.5). □ 

Now we are ready to give the proof of Theorem 1.1 by assuming Theorem 1.3. 

Proof of Theorem 1.1. We first show part (ii) by using Proposition 2.1. Let f(x) = 
c/\x\ 2 , then it suffices to verify (A) for (p. This is equivalent to showing that 



A 4 |x + zr < \z\ 



x + 



X 2 z 



V0 < A < \x\ and \z\ > A. 



It can be confirmed by the following computation 



X A \x + z\ 



X + 



\ 2 z 



= {\ 2 -\z\ 2 ){{\ 2 + \z\ 2 )\x\ 2 + 2\ 2 {x jZ )} 

< ( A 2 _ |z| 2 ) {(A 2 + \z\ 2 )\x\ 2 - \ 2 {\x\ 2 + \z\ 2 )} 
= (A 2 - \z\ 2 )(\x\ 2 



X 2 )\z\ 2 <0. 



Thus Proposition 2.1 applies to conclude that u must be radially symmetric about 
the origin, and consequently u satisfies the ordinary differential equation 

u " + ^r^ n ' + ^2 U + n (n+2)/(n ~ 2) =0, u > and u' < for r G (0, 00). 
Then 

Therefore for any r > e > we have 

r n -V(r)-e n -V(e) < - /" ' a n - 1 u (s)( n+2 V( n - 2 >ds < -I( r "-e")n(r)( n+2 )/( n - 2 ). 
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Since u'{e) < we may drop the second term on the left hand and then take e — > 
to get 

r"-V(r) < -Ir"u(r)( n+2 )/( n " 2 ) for all r > 0. 
n 

This is equivalent to («(r) _4 /( n_2 )) > ra ( ra 4 _ 2 ) r - Hence for r > e > there holds 

u ( r )-4/(n-2) > u ( £ )-4/(n-2) + 2 ( r 2 _ £ 2X > 2 ( r 2 _ £ 2X 

w - w n(n - 2) v ; ~ n(n - 2) v ; 

Letting e^Owe then obtain 

u(r) < Cr- (n ~ 2)/2 for all r > 0. 

This gives the desired estimate. 

We now use (ii) to show (i). Suppose (1.11) has a solution u for some c > 
(n - 2) 2 /4. We define 

w(t) := e~ rL ^ Lt u{e~ t ), te (-00,00). 
One can verify that w satisfies the ordinary differential equation 

(2.13) w" + (c - (n ~ ^ w + w ("+ 2 )/("- 2 ) = and u» > on (-00, 00). 

Thus u; is a positive strictly concave function defined on (—00, 00). However, such 
function does not exist. 

(iv) From Theorem 1.3 it follows that (1.2) has non-constant solutions when 
c < — (n — 2)/4, which give non-radial solutions of (1.1). □ 

2.2. Proof of Theorem 1.3: A bifurcation analysis. We first give a fact 
concerning solutions of (1.3). 

Lemma 2.2. Suppose 1 < p < N* . Then for any A > there exists a positive 
constant C(N,p,A) depending only on N, p and A such that any non-constant 
solution v of (1.3) with A < A satisfies 

1 /C{N, p, A) < v < C(N, p, A) on § n . 

Proof. Note that (1.3) has no solution for A < 0. Considering Theorem 1.2, we 
may assume N/(p — 1) < A < A. The upper bound can be obtained by using the 
blow-up technique together with the fact that the equation — Au = vP in R N has 
no positive solution if 1 < p < N* (see e.g. [27]). In order to get the lower bound, 
we first use the Harnack inequality to get 

max v < C\ (N, p, A) min v 

for some positive constant C±(N,p,A) depending only on TV, p and A. So it 
suffices to derive a lower bound of max§™ v. Suppose max§» v = v(x ) for some 
xq G S N . Then — A § nv(xo) > and hence v(x) p — Xv(xq) > 0. This implies 
v(x ) > AVb- 1 ) > (N/(p - 1))V(p-i). □ 
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Lemma 2.3. The eigenvalues of — A s jv restricted to C^,' a (S Ar ) are v k = k(N+k— 1) 
/or fc = 0, 1, ■ • • , i/iey are a// simple, the eigenspace of Vk is spanned by a function 
Pk which can be written as pk(0) = Pk(9n+i)> where p~k(t) is a polynomial of degree 
k. Moreover, all the zeroes of Pk(t) are simple and in (—1,1). 

Proof. All the assertions can be found in [1] except the last part. In the following 
we will show by induction on k that p k has exactly k simple zeroes in (—1,1). This 
is clear for k = since po = 1. Now we assume that pk has k simple zeroes in 
(—1,1), say — 1 < t\ < t2 < ... < tk < 1. Set to = —1 and t k +\ = 1. It suffices 
to show that ftk+i has a zero in each interval (ij,tj+i) for i = 0, • • ■ , k. Suppose 
for some < i < k the polynomial Pk+i has no zeroes in (tj,tj + i), then both pk 
and pk+i do not change sign in this interval. Without loss of generality, we may 
assume both pk and pk+i are positive in (tj,tj + i). Let 

' {9 € : 6 N+1 < h}, if * = 0, 



^ := ( 



{6 eS N :ti< 6 N+1 < U+i}, if 1 < i < k - 1, 

{ {8eS N :6 N+1 >t k }, ifi = k. 

Then both pk and Pk+i are non- negative on the domain Sj, pk = and ^7 < 
on 5Sj. Recall that 

-A S Np k = VkPk and - A §N p k+ i = Vk+iPk+i on S™. 

We have 

(^fc+i - v k ) I pkPk+i =~ PkA sN p k+ i + / p k+ iA §N pk 

Jj^i t'Si •'Si 



which is a contraction. □ 

In order to study the solutions of (1.3), let v = A 1 /^ -1 ) (w + 1), then w satisfies 
the equation 

(2.14) -A §N w = A ({w + l) p - w - 1) and w > -1 on S N . 

We are going to find G-invariant non-zero solutions of (2.14) for each A > N/ (p— 1). 

Lemma 2.4. fa,) For any < A < N/(p — 1) the only solution of (2.14) is w = 0. 

(b) For any A > 0, there exist positive constant C(N,p,A) and s(N,p,A) de- 
pending only on N, p and A such that 

-l + e(N,p,A) < w < C{N,p,A) on§ N 

for any solution w of (2.14) with A < A. 

(c) Any non-zero G-invariant solution w of (2.14) neither vanishes at the north 
pole nor at the south pole on S> n ; moreover, by writing w(9) = w(0 n +i) for some 
function w on [—1, 1], then all zeroes of w are in (—1, 1) and are simple. 
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Proof, (a) follows from Theorem 1.2 and (b) is the consequence of Lemma 2.2. In 
the following we will prove (c). Let us first show that w does not vanish at the 
north pole. If it vanishes at the north pole, then the strong maximum principle 
implies that the north pole must be an accumulating point of zeroes of w on S^. 
Since w is G-invariant, this would imply that all derivatives of w at the north pole 
are zero. The unique continuation property then implies w = on The same 
argument gives w ^ at the south pole. Therefore all zeroes of w are in (—1, 1). 
Use (2.14) one can see that w satisfies the ordinary differential equation 

-(1 - t 2 )w" + ntw = A ((w + l) p - w - 1) on [-1, 1]. 

Since w ^ on [— 1, 1], this implies that all zeroes of w must be simple. □ 

Proof of Theorem 1.3. We will use the bifurcation theory to carry out the proof. 
We first formulate (2.14) as an operator equation. Since A§iv is 0(iV+ l)-invariant, 
it follows from the theory of elliptic equations that — Agjv + / : CQ a (S N ) — > 
C% a (S N ) is invertible. Let T denote its inverse, then T : C% a (S N ) -► C% a (§ N ) is 
a compact linear operator. Let 

V := |(u;,/z) G C%*($ N ) x R : n > 1 and w > -1 on S w } 

and set 

/i = (p-l)A + l and g(w,n) := — -T {(w + If - pw - I) . 

p-l 

Then, finding a G-invariant nonzero solution of (2.14) is equivalent to finding a 
nonzero solution of the operator equation 

(2.15) f(w,fj,):=w-nTw-g(w,n)=0 in V. 

It is clear that g is a nonlinear compact map of V into CQ a (S N ), and g(w,fi) = 
o(\\w\\(p,a(«N\) uniformly on bounded fx interval. 

Note that 1/fi is an eigenvalue of T if and only if fi — 1 is an eigenvalue of 
— A§» restricted to CQ a (S N ). Therefore from Lemma 2.3 we can see that all the 
eigenvalues of T are simple and given by 1/fik, where = 1 + k(N + k — 1). 
It then follows from Krasnoselski's Theorem (see [24, Theorem 3.3.1]) that each 
(0,/ifc) is a bifurcation point of f(w,fi) = in T>. 

Let S denote the closure of nontrivial solutions (w,n) of f(w,/j,) = in T>. Ac- 
cording to Lemma 2.4 (a), S n (Cg' a (§ iV ) x (1,/xi)) = 0. Let Ck be the connected 
component of S containing (0,^). Then by the global bifurcation theory of Ra- 
binowitz (see [26, Theorem 1.4] or [24, Theorem 3.4.1]) we know that either (i) Ck 
is not compact in V or (ii) Ck contains a point (0, fj,j) with j / k. We are going to 
rule out the case (ii). 

For each k > 1 we define as in (1.4), i.e. 

:= { v £ Cg Q (S Ar ) : v has exactly zeroes, all of 
them are in (—1,1) and are simple}. 
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It is clear that each Sk is an open set in ^'"(S^). By the local bifurcation 
theorem of Crandall and Rabinowitz (see [7, Theorem 1.7]), near each bifurcation 
point (0,/ifc), S has the parametrization (wk(s), fik(s)), \s\ < a& for some small 
cifc > 0, where ^fc(O) = /j,k, Wk(s) = spk + stpk(s) and ipk(0) = 0. According to 
Lemma 2.3, pk G Sk, thus Wk(s) G Sk for small s / 0. Therefore there exists a 
neighborhood Ok of (0,//&) in P such that if (w,fj,) G Ok (~l 5 and ui / 0, then 
w £ Sk- Let 

£ fc := {(w, Ai) G C fc : w G <S fe } U {(0, p fc )}. 

If we can show that Ck = Bk for each k > 1, then Cfc can not contain a point (0, fij) 
with j / k, and we therefore rule out the case (ii). 

In order to show Ck = Bk, it suffices to show that Bk is both open and closed in 
Ck- It is clear that Bk is open in Ck- Suppose now that {(w^\ fj,^} is a sequence 
in Bk such that (w® , fi®) — > (w,fi) in Note that (w,/i) is a solution of (2.15). 
If to = on then |U = Hj for some j. If j = k, (0,/J.k) G Bk] if j 7^ fc, then 
iv® G SjHSk for large / which is impossible. Thus w is a nonzero solution of (2.14), 
(c) of Lemma 2.4 then implies w G <Sj for some i. If i 7^ A;, then the openness of 
<Sj implies 10 ^ G Si D Sk for large I which is again impossible. Hence w G Sk and 
(w,fi) G Therefore is closed in Ck- 

The above argument has ruled out case (ii), therefore each Ck is noncompact in 
V. Let 

A = sup {A > ii k : C k n (cg a (S") x { M }) ^ 0, V/i fc < n < \) 

We will show that A = 00. If not, say A < 00. By connectedness of Ck and (a) of 
Lemma 2.4, C k C (c% a (S N ) x [m, A]). It follows, using (b) of Lemma 2.4 that 
Ck is compact, a contradiction. So A = 00, i.e. 

Ck n (c% a (§ N ) x { M }) ^ 

for any /i > fik- The proof is thus complete. □ 

3. Symmetric results on § n 

3.1. Some preliminary results. Given a function v on S n , we will compare it 
with its Kelvin transform v Pt \ defined by (1.7) for p G S n and < A < tt. The 
first result indicates that the comparison is always possible if A > is small and v 
is regular at p. 

Lemma 3.1. Assume that n > 3 and that T is a closed subset of S ra . If v G 
C 1 (S n \r) and v > cq on § n \r for some constant cq > 0, then for each p G S n \ T 
there exists < A p < it/2 such that 

^p,a < v on S p \ \ T for each < A < A p . 
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Proof. Since p T and T is closed in S n , there exists < Ao < § such that 
T C S Pi a . Then for < r < Ao we have 

d_ 

dr 

n — 2 cos A sin r 

<y _|_ 1 

2 1 + cos 2 A — 2 cos A cos r 

Noting that sup SA( ( p ) |V§n«| is finite and v > cq on S n \T, there exists < Ai < A 
such that for < A < r < A x 
d_ 
dr 

This implies that for < A < r < Ai 

(1 + cos 2 A — 2 cos A cos h\(r))~^v(h\(r), u) < (1 + cos 2 A — 2 cos A cos r)^v(r, to). 
Since 

■ 4 \ 

o . . j / \ Sill A 

1 + cos A — 2 cos A cos h\[r) — 



|(1 + cos 2 A — 2 cos Acosr) 4 v ( r , w)| 
=(1 + cos 2 A — 2 cos Acosr)~ 

,) |V§ni;| is finite 
< r < Ai 

(1 + cos A — 2 cos Acosr) 4 v[r,uj)>>0. 



1 + cos 2 A — 2 cos A cos r 
We therefore conclude that 

(3.1) v p ,x(r,w) < v(r,u) if < A < r < Ai and u G S n_1 . 

Next we can find a constant C\ such that for (r, uo) G S P)- \ 1 \ T 

n-2 

^p,a(^w) / sin 2 A \ 2 w(/i A (r),cj) 



v(r, uj) \ 1 + cos 2 A — 2 cos A cos r J v(r,uj) 

n — 2 

sin 2 A N 2 



<Ci 



1 + cos 2 A — 2 cos A cos r / 
where we used the facts that v > cq > and v o ip p X is bounded on S Pi Ai • So 
there exists < A2 < Ai such that 

v p ,x <v on S p ,Ai \ r for each < A < A2. 

Combining this with (3.1) we thus complete the proof. □ 

Lemma 3.2. Let O be a domain in E n and q G O. Ifv G C ,2 (O\{q})nC (O\{q}) 
is a non-negative function such that —C§nv + Cv > in 0\{q} for some non- 
negative constant C and v > cq on dO\{q} for some constant cq > 0, then v > c\ 
on C\{q} for some constant c\ > 0. 

Proof. Using the stereographic projection with respect to q, the conclusion is a 
consequence of Lemma 4.1. □ 

Fix a point p G S n and let T C § n \ B n / 2 {p) be a set consisting of discrete 
points. Let g : (S n \ Y) x (0, 00) -^Rbea continuous function. We consider the 
equation 

(3.2) = g(9,v) and v > on S n \ T. 
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If v & C 2 (S n \ T) is a solution of (3.2), we define < A p < vr by 

A p := sup{A G (0, 7r] : v PtfM < v in £ PjM \ T for each < fi < A}. 

Since T is discrete, if we assume inf§n\ r t> > then, by using Lemma 3.1, A p 
is well-defined. The next result shows that A p > tt/2 if g satisfies (g3) and the 
following conditions: 
(g7) p For each s > 0, < A < vr/2 and 9 G £ p , A , g(6, s) > g(<p P;X (9), s). 
(g8) p Either g(6, s) > g(ip P;X (6), s) for any s > 0, < A < vr/2 and 9 G £ PjA \ T, 
or for < A < vr/2 and 6 G £ P)A , the function s -» s -( n+2 )/( n - 2 ) 5 (6l, s) is 
strictly deceasing. 

Lemma 3.3. For p G S n , /ei T C S n \ B n / 2 (p) be a discrete set. Assume g is 
continuous on (S n \ T) x (0, oo) and g(-, s) is bounded below on S n \T for each 
s G (0,oo). Assume also that g satisfy (g3), (g7) p and {g8) p . If v G C 2 (S n \r) is 
a solution of (3.2) with inf§n\ r v > 0, then A p > it/2. 

Proof. In the following we will use the abbreviations 

:= <P P ,\, v x := v PyX , B x := B x (p), £a := £ P ,A, A := A p . 

By Lemma 3.1, A is well defined. We argue by contradiction and assume A < tt/2. 
^From the definition of A we have 

(3.3) v x < v in S A \ T for each < A < A. 
Moreover, from (3.2), (1.7) and (1.8) it follows that on S x \ T there hold 

n+2 n+2 

(3.4) — v n ~ 2 £§nv = v n - 2 g{6,v) 



and 



n + 2 
" n-2 



(3.5) -v- x n 2 £ S "V X = (voip- x ) ™-2g((p- x (8),voip- x ). 

We define 

O:={0€V- x \r:v(0)<vo<p- x (0)}. 
Let v s = sv + (1 — s)v x , for < s < 1. Use the technique developed in the proof 
of [22, Lemma 2.2], it follows from (g7) p , (g3), (3.4) and (3.5) that 



n + 2 



0>-(voip- x ) "-2g(e,(vo(p x )) + (vo(p x ) ™-ig((p- x (6),(voLp- x )) 

n+2 n+2 

> -v n-ig(0,v) + (voip x ) n - 2 g{<p x (9),vocp x ) 

1 d / _2±2 \ 

— ( v s n ~ 2 C^v s \ ds 

(3.6) = (^J v'^ds^j C sn (v - v x ) - (^J vj^~ 2 CsnVsds^j {v - v~ x 

in O. 

We first claim that 

(3.7) v - v x > in O. 
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In fact, By (3.3), (3.6) and the strong maximum principle, either (3.7) holds or 
v-v~ x = in O. If O ^ Sx\T, (3.7) is true since <9e>n(£ A \r) / and v-v x > 
on dO n (£ A \ T). So we may assume O = £ A \ T. li v = v x in T, x \ T, then by 
(3.6) we must have 

v -(n+2)/(n-2)^ (0)t;) = ( „ Q ("+2)/(n-2)^_ ( ^ y Q ^ ^ s _ \ p_ 

But (g8) p implies that this can not happen. We therefore obtain (3.7). 
We next claim that 

d_ 

dr ' 



(3-8) -(^-^: 



> 0. 



^From (3.3) we know the left hand side of (3.8) is always non-negative. Suppose 
(3.8) is not true, then there exists po € 9B X such that -§p(v— v x )(po) = 0. However, 
direct calculation shows 
d 

— (vo<p- x - v x ) = (n - 2) (cot A)u(po). 

Since < A < tt/2, we then have 

d 

— {v-vo(p x )(p ) < 0. 



Since v = vo(p x on dB x , we conclude that U po nT, x C O for some neighborhood U po 
of po in S n . Thus from (3.6) and the Hopf Lemma it follows that -§^(v — v x )(po) > 
which is a contradiction. We therefore obtain (3.8). 

Noting that v and v x are C 2 near dT> x . By using (3.8) it is easy to find A < 
Ao < vr/2 such that 

(3.9) v x < v on B Xo \ B x for A < A < A . 

We still need to consider the points in Sa \T. By using (1.7) and the definition 
of O, it is easy to see that there is a positive constant ao such that 

(3.10) v-v- x >a onS Ao \(Our). 
This together with (3.7) implies that 

(3.11) v-v x >c o >0 on 5(OnS A() ) \T 

for some constant cq > 0. 

We observe that since v is C 2 on the compact set S n \ T, Xo , 

v x < v < v o <p x < C in On Sa . 

Since g(-, C) is bounded below in S n \ V, it follows from (g3) and (3.2) that 

n+2 n+2 

-C S n V = g(6, v) > C-—g(0, C)v~ > -Cv in O n S Ao . 
It is easy to see from (3.5) that 

-C§nv x > -Cv x in O n S Ao . 
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Note that v and v x have positive lower and upper bounds in O H S^ , we can use 
the condition inf S n\ r v > and (3.6) to obtain, for some positive constant C, 

-£§n (v - v x ) + C(v - v x ) > 0, in O D E A() . 

Since T is discrete, by using (3.3), (3.11) and Lemma 3.2 we have 

inf (v — V\) > 0. 

ons Ao A; 

This together with (3.10) implies, Thus for some constant c\ > 0, 

v - v- x > ci on S Ao \ T 
Using (1.7) then we can find < e < Ao — A such that 

(3.12) v x < v on S Ao \ T for each A < A < A + e. 
Combining (3.3), (3.9) and (3.12) we have 

v a < v in S A \ T for each < A < A + e. 
This contradicts the definition of A. Hence A > ir/2. □ 

3.2. Proof of Theorem 1.4. Now we are ready to give the proof of Theorem 
1.4. Under conditions (gl) and (g2), one can see that (g7) p and (g8) p are satisfied 
with p = s. So we may apply Lemma 3.3 to conclude that 

V > Vs,tt/2 011 S s j7 r/2 \ { n l- 

Note that y S)7r /2 is a mirror reflection and \ J^ B7t/2 \ = 1, we have from (3.2), (gl), 
(g2) and (g4) that 

(3.13) -£$,n(v - v S)7v/2 ) = g(0,v) - g{tp s ^/2{8):V s ,n/2) > in S Sj7r/2 \ {n}. 
Therefore by the strong maximum principle and the Hopf lemma we have 
(3-14) v > v s ^ /2 in £ sW 2 \ {n} 

and 



d 

(3-15) q^(v - v Syn/2 ) 

By Lemma 3.2, 



> 0. 



(3.16) M{v(0)-v a>n/2 {0))>c, 

for some constant c > 0. 

For any q G dB n / 2 (s), q = (tt/2,Uq) in the geodesic polar coordinate with 
respect to s. Let pt = {tir/2,ujo) for < t < 2. 

Claim 1. There exists e > 0, such that for any < t < e, there holds 

(3-17) v > v puw/2 in £ pW 2 \ {n}. 
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The claim follows easily from (3.14), (3.15) and (3.16). For readers' convenience, 
we include a proof by contradiction argument. If it is not true, then there exists a 
sequence < U — ► and a sequence {6i} with 6i G X pt . )7r / 2 \ {n} such that 

(3.18) v(0i) < v^^Oi). 

By taking a subsequence if necessary, we may assume converges to some point 
#o G S S 7r/2 . If #o S S s ,7r/2 \ then u(0 o ) < v s>n / 2 (0o) which violates (3.14). If 
00 = n, (3.16) implies that (v — v pu7T / 2 )(@i) > c /2 for large i, a contradiction to 
(3.18). Finally we assume 9q G dB n / 2 (s). Let (9j be the closest point on <9£ pt )7r / 2 
to 6>j. Note that f(0«) = v pt . i7r / 2 (0j), by using (3.18) we have 

^-« Pti , V2 )(0~i)<O 

for some 0j between 0j and 0j on the geodesic line connecting 0j and 0j, where rj 
denotes the geodesic distance from p ti . Note that 0« — > #o • We obtain 

|>-<V/2)(#o)<o. 

which violates (3.15). We thus prove the claim. 
We define 

i := sup {t E (0, 1) : t> > v Pt ^/2 in £ PTi7r /2 \ {n} for all < r < t} . 

iFrom Claim 1, i is well defined and i > 0. 
Claim 2. t = 1. 

Suppose t < 1, by continuity of t> , we have 

« > m S pf)7r/2 \ {n}. 

the conditions on g imply 

(3-19) - J C S n( V -t; pf)ff/2 )>0 in S pfi7r/2 \ {n} 

and 

v + v phw/2 in S pf)7r/2 \ {n}. 

Similar to the proof of Claim 1, there exists ej > such that for all i < fi < t + ei < 
1, 

V > v P ^n/2 m S p p ,7r/2 \ {«}, 

which contradicts the definition of t. Claim 2 thus follows. 

By continuity of v, we finally obtain v > w qj7r / 2 in S q 7r / 2 f°r Q £ dB n / 2 (s). Since 
q is arbitrarily chosen on dB n / 2 (s), the proof is complete. 
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3.3. Proof of Theorem 1.5 and its corollaries. We first use Lemma 3.3 to 
give the proof of Theorem 1.5. 

Proof of Theorem 1.5. Using the conditions (gl), (g5) and (g6), it is easy to see 
(g7) p and (g8) p are satisfied for every p G 9S 7r / 2 ( s )- Therefore Lemma 3.3 with 
T = {n, s} implies that A p > ir/2 for each p G dB n / 2 (s). This in particular implies 
v P,n/2 < v on S p 7r/ / 2 \ { n i s } f° r eacn P £ dB n / 2 (s). Consequently v is rotationally 
symmetric about the line through n and s. □ 

In order to use Theorem 1.5 to prove Corollary 1.3, we will show f(v) > on 
§ n for any solution v G C 2 (8 n ) of (1.13), thus condition (1.10) is satisfied due to 
Lemma 3.2. This is given by the following simple observation. 

Lemma 3.4. Let f satisfy the conditions given in Corollary 1.3. If v G C 2 (S ra ) is 
a solution of (1.13), then f(v) > on E> n . 

Proof. Suppose it is not true, then there is 9 G S n such that f(v(9)) < 0. Let 
9 G S n be a point such that v (9) = max§« v. Then it follows from the condition 
on / that 

v{9)- (n+2 V (n -Vf{v{9)) < v(9)-( n+2 V( n -Vf{v{9)) < 0. 

On the other hand, by the maximality of v at 9 we have Av(9) < 0, it follows from 

(1.13) that 

f(v(9)) > ^^v{9) > 0. 
We thus derive a contradiction. □ 

Proof of Corollary 1.3. It is clear that g(9,s) := f(s) satisfies (gl), (g3), (g5) and 
(g6). Since v G C 2 (S n ) and Lemma 3.4 implies f(v) > on S ra , we can use 
Theorem 1.5 to conclude v is rotationally symmetric about the line through p and 
— p for any p G S n . Therefore v must be constant. □ 

Proof of Corollary 1.4- (i) When (3 < n(n — 2)/4, the function g(9,s) defined by 

(1.14) satisfies (gl), (g3), (g5) and (g6) and is positive for s G (0, oo). Thus we 
can apply Theorem 1.5 to conclude that any smooth solution v G C 2 (S n \{n, s}) 
of (1.15) is rotationally symmetric about the line through n and s. 

Given a solution v G C 2 (S n \{n, s}) of (1.13), the function 

u(x) := C(x)f(vr n 1 (x)) 

is then radially symmetric in M n \{0}. Write u(x) = u(r) with r = \x\, then u 
satisfies the ordinary differential equation 

„ n — 1 , n(n — 2) — 4/3 n+2 , 

3.20) u" + u' + ; ONO « + = 0, u(r) > for < r < oo. 

r 1 + r z V 
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(ii) Now we assume (3 < and (1.13) has a solution v E C 2 (S ra \{n, s}). This 
implies that (3.20) has a solution u. Let ip{r) := (1 + r 2 ) 2 ^ - u(r) , then 



(3 - 21) ( (1 + ^-2 ^) = " (TTT^ " A M for < r < 

Using /? < we have for any r > e > that 



oo. 



If 



j,n— 1 



5S (l+r»)"-^ (r)> °' 



1™ /-. ■ .2^-2 ^(0 <0- 



then there exists a number ao > such that y>'(r) — a o rl n f° r small r > 0. 
Therefore for any small r > e > there holds 

<p(r) > <p(r) - <p(e) > (e 2 -™ - r 2 "") . 

Fixing r and letting e —> we then derive a contradiction. Therefore 

r n— 1 

r^O (1 + r 2 ) r 

It then follows from (3.22) that <p'(r) < for all r > 0. Let <£(r) := <p(£), then 
<p'(r) > for all r > 0. However, by direct calculation one can see that (p is also 
a solution of (3.21). Therefore the above argument applies to (p and shows that 
<f'(r) < for all r > 0. We thus derive a contradiction. 

(hi) In order to show that (1.15) has infinitely many solutions, it is equivalent to 
showing that (3.20) has infinitely many solutions defined on (0, oo). To this end, 
for any function u defined on (0, oo) we define 

w(t) = e~ R ^' t u(e~ t ), te (-00,00). 

By an easy calculation one can see that u satisfies (3.20) if and only if w satisfies 

(3.23) w" - (^— w + w^-\ ^ 2 W = ' w > on (-00,00), 

V 2 / (l + e" 2t ) 

where eg := n(n — 2) — 4/3. Therefore, it suffices to show that (3.23) has infinitely 
many positive solutions. 

Let us introduce a function h(-, •) : R+ x R — > R by 

o ( n — 2 \ 2 o n — 2 2n 
/i(a,6) := b 2 - I — ^— J a 2 + — ^— a^, V(a, 6) € R+ x R. 

Since /? > Zi ^, there are infinitely many (a, 6) G R + x R such that 

(3.24) h(a, b) + -c^a 2 < 0. 
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Let us fix one of them and consider the initial value problem 

W+Wn-2 +Cf3 -±—- T W = 

w(0) = a, w'(0) = b. 

By the local existence theory for ordinary differential equations, it has a unique 
solution w defined on some interval containing t = 0. Let (—B,A) be the largest 
interval on which w exists and w(t) > 0. Since w(0) = a > 0, A and B must be 
positive. It remains only to show that A = oo and B = oo. In the following we 
will only prove A = oo, since B = oo can be proven in the same way. 
Suppose A < oo and consider the function 

h(t) := h(w{t),w'(t)) on [0,A). 

/,From the equation satisfied by w it follows that 

-it 



—it 

Therefore, for t <G [0, A) one has, by integration by parts and noting that e _ 2 ^ 
is non-increasing on [0, oo), 

h(t) - h(0) 



\ p~ 2t 1 /"* 



e 



-2s 



-i I 



(l +e -2s)2j 



ds 



<\cpw(0) 2 . 



)) 2 - 

Consequently, by using (3.24), 

(3.25) h(t) < h(a, b) + ^cpa 2 < on [0, A). 

This together with the equation of w implies that 

w + \w'\ + \w"\ < C on[0,A) 

for some positive constants C. Therefore w(A) and w'(A) are well-defined and 
hence w has definition on a larger interval [0, A + e) for some e > 0. But from 
(3.25) one can see that w(A) > 0. Thus, by continuity, w > on [A, A + e) for 
some smaller e > 0. This contradicts the definition of A. Therefore A = oo. □ 

3.4. Proof of Theorem 1.8, Theorem 1.9 and Theorem 1.10. 

Proof of Theorem 1.8. Let s be the south pole of S n . As before we define 

A s := sup {A <G (0, 7r) : v s ^ < v in S Sj ^ \ {n} for each < fi < A} . 

Let (r,uj) be the geodesic polar coordinates on S n with respect to s. Then the 
conditions on K are equivalent to saying that K is non-constant on § n \ {n} and 
for each fixed uj G S ra_1 the function r — > K(r, cj) is non-decreasing for < r < 7r. 
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By condition (1.23), it follows from Lemma 3.1 that A := A s > is well defined. 
We claim that A = vr. If A < vr, then from (1.22), (1.7) and (1.8) that 

-v ™-2£§ B {)(r,w)+{)J C§nv sX (r,u) = K(r,u) - K(h x (r),u). 
Following the proof of Lemma 3.3 and using the conditions on K we have 

> vj^ebj £ S n(v - v s ~ x ) - ^| (^J vj^ CfrVsCbj (v - v s ~ x ) 

in £ S ,A \ {n}. 

Note that v — v s x > on £ s \ \ {n}. Since K is non-constant on S n \ {n}, we 
must have v — v s x / on S s j \ {n}. Thus it follows from the strong maximum 
principle and the Hopf lemma that 

« - v s,A > on S s - x \ {n} 

and 

q^( V - V s,\) > on5S s,V 

Next we show that 

inf (v — -u„ i) > 0. 

Choose < ro small such that A + tq < tt. Define 

O:={eeB r0 (n)\{n}:v(e)<2v s - x (9)}. 

By the fact that v has positive lower bound, we can obtain v — v sX > c\ on 
B ro (n) \(OU {n}) for some positive constant c\\ moreover, v and v s x have lower 
and upper bounds in O. Following the proof of Lemma 3.3, we can obtain that for 
some large positive constant C 

-£ S n(v-v srx ) + C(v-v srx )>0 in O. 

Lemma 3.2 implies that v — v s x > C2 in O for some positive constant C2- We thus 
obtain 

v - v s X > min(ci, c 2 ) > in B ro (n) \ {n}. 

Now we can argue as in the proof of Lemma 3.3 to show that there exists e > 
such that v > v St \ on S Sj a \ {n} for each < A < A + e. This contradicts the 
definition of A. Therefore A s = tt. 

Next we are going to show (1.24). In the above we have shown that 

(3.26) v > v s ^ x on S Si a \ {n} for each < A < it. 

For 9 £ B w /2( n ) \ { n }> ( r ) Ct; ) De its geodesic polar coordinate with respect to 
the south pole s. Then we take it/2 < A < tt such that 

(3.27) 2 cos A = (1 + cos 2 A) cos r. 
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This implies that (p s ,\(6) £ 9B n / 2 (n). Moreover A — > 7r as # — > n. Let Ci := 
ming B ( n ) v, we have from (3.26) and (3.27) that 

limmfd(e,n)^/ 2 v(e) > dliminf I ^ ~ r J sin A \ = 

(9^n r^Tr \l + COS 2 A - 2 COS A COS V j 

The proof is complete. □ 

The proofs of Theorem 1.9 and Theorem 1.10 are based on the method used by 
Li and Li in [15]. 

Proof of Theorem 1.9. Since < v € C 2 (8 n ), by Lemma 3.1 the moving sphere 
procedure can start from south pole s. So there exists < Ai < it, such that 

v > v s ,A in S Sj a for each < A < Ai. 

Let 

A = sup{A € (0, 7r) : v > v s ^ in S S)M for each < fi < A}. 
We will show that A = ir. If not, say < A < it. Then by the conformal invariance 
and the condition on K we have 

f(\(A 4 ))-flx{A* ) ] =K(r,Lo)-K(h- x (r),u) >0 

with strict inequality somewhere in S s ^. 

By the argument in [15, Lemma 2.1], there exists an elliptic operator L such 
that 

L(v-v s> - x )>0 in S a 
with strict inequality somewhere in T, s X . Noticing that v > v s X in S s ^, we can 
obtain that 

(3.28) ^ S ,A>° 
and 

d(v — v„x) 

(3.29) Qr S ' X ' > onaS SjX . 

Once (3.28) and (3.29) are established, we can argue as in the proof of Lemma 
3.3 to show that we can move spheres beyond A, which contradict the definition 
of A. So A = 7r. Following the argument of Theorem 1.8, we can see that v blows 
up at n. Therefore (1.31) has no positive C 2 (S n ) solutions. □ 

Proof of Theorem 1.10. Let (r, to) be the geodesic polar coordinate with respect to 
s. Let S+ A = S™ n E 8jA . We define 

A = sup{A G (0, 7r) : v > v S:fM in for all < \i < A}. 

Since v has positive lower bound on S™, it follows from Lemma 3.1 that A is 
well-defined and A > 0. We will show that A = n. If not, say < A < n, then 

v > vi in 

— A s,A 
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Moreover, by the conformal invar iance we have 



/ [(A 4 ) = K(h- X (r),u) m§l, 



^ d -^ = H{h x (r),u)v^ on dS n + . 

By the argument in [15, Lemma 2.1] and the condition V a K > on S™ , there 
exists a linear elliptic operator L such that 

L(v-v srx )>0 mX+- y 

Moreover 

&{V ~J S ' X) = H(r,u)v^ - H(h x (r),u)v^ on 88 n + D E+ x . 

Since K or H is non-constant and V a H > on <9§I? , it follows from the strong 
maximum principle and the Hopf lemma that 

(3.30) v>v srx inS+ x . 

Using the Hopf lemma again and [22, Lemma 10.1] we can also obtain 

d(v — v v i) 

- S ' A > ond£ sX n§" 
dr S,A + 

Thus there exists X < Xq < tt such that 

v > v S)X on S+ Ao \ S+ A for A < A < A . 
By using (3.30) and the definition of v St \, we can find < e < Ao — A such that 
v > v Sj \ on S^ Ao for A < A < A + e. 

Therefore 

v > v SjX on A for A < A < A + e 

We thus derive a contradiction to the definition of A. Hence A = tt. Consequently 
(1.32) has no positive C 2 (8") solutions. □ 

3.5. Proofs of Theorem 1.6 and Theorem 1.7. Given a function v on § 2 , we 
define, for each fixed p G § 2 and < A < tt, its Kelvin transform as 

v p ,\ = vo l p p!X + -\og\J VpX \. 
By conformal invariance it is known that 

(3.31) -A§2t; PiA + 1 = \J^ p J((-A S nv) o ^ PjA + 1) . 

The proof of Theorem 1.6 follows essentially the same idea as in the proof of 
Theorem 1.5. We need to compare the functions v and v PjX . Similar to Lemma 
3.1 we have 
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Lemma 3.5. Let F be a closed subset o/8 2 . If v G C 1 (S 2 \r) and v > —Co on 
S 2 \r for some constant Co > 0, then for each p G S 2 \ F there exists < A p < § 

w P ,A < v , on S p ^ \ T /or each < A < A p . 

The next two lemmas, similar to Lemma 3.2, are used to deal with singularities. 

Lemma 3.6. Let O be an open set in S 2 and q <G O. If v G C 2 {0 \ {q}) satisfies 
-A S 2V + 1 > in O \ {q} and 

(3.32) limsup V f] <0, 

eeo,e^ q logd(0,q) 

i/ien v > —Co in \ {q} /or some constant Co > 0. 

Proof. Fix an open set O' such that q G O' C O' C O and |vr q (6»)| > 1 for 9 G £>'. 
For each e > consider the function 

a e (0) = + log 2 + Co + (2 + e) log |vr q (#)|, 9 G 0'\{q}, 

where Co is a constant such that v(9) + log 1+ |„. 2 (g)p + Co > on <9C. One can 
check that 

A §2 (log 1 + |7r 2 q(g)|2 ) =~1 and A §2 (log|^ q (#)|)=0 in O* \ {q}. 

Moreover lim^q |7r q (^)| = +oo. Noting that (3.32) implies 

liminf — V (°\ - > 0. 
eeO,^qlog|vr q ((9)| 

We therefore have 

— A§2a e > in O r \{q}, a £ > on dO' and lim a £ = +oo. 

#EO,# — >q 

It then follows from the maximum principle that a £ > on C'\{q}. Letting e — > 

we get 

2kq(0)f 
1 + kqWI 

which gives the desired assertion. □ 

Lemma 3.7. Let O be an open set in S 2 and q G O. If v G C 2 (C \ {q}) n 
C (O\{q}) is a non-negative function such that — A S 2i> > in 0\ {q} and v > Co 
on 30\{q} for some constant cq > 0, then v > c\ on \ {q} for some constant 
ci > 0. 

Proof. First by the strong maximum principle we have v > on 0\{q}. By- 
shrinking O if necessary, we may assume |7r q (0)| > 1 for 9 G O. For each e > 
consider the function 

e (9) :=u(0)-co + elogM0)|, G 0\{q}. 



> -C - log - 1 ql /' |2 > -C - log 2 for 9 G O' \ {q} 
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Note that A§ 2 (log |7r q (0)|) = on 0\{q}, lim ^ q |7r q (0)| = +00 and v > c > 
on dO\{q}, we have 

-A§ 2 /3 £ > in 0\{q}, (3 £ > on <90\{q} and lim e (9) = +00. 

Therefore, by the maximum principle we have (3 £ > on 0\{q}. Letting e — ► 
gives the desired conclusion. □ 

Now we are ready to give the proofs of Theorem 1.6 and Theorem 1.7. 

Proof of Theorem 1.6. Since / > and K > 0, we have 

-Ag 2 t; + 1>0 onS 2 \{n,s}. 

It then follows from Lemma 3.6 that 

v > -C on § 2 \{n, s} 

for some constant Co > 0. Lemma 3.5 then implies for each p 6 dB w /2( s ) there 
exists < A p < 7r/2 such that 

v p,x < v on Sp ^\{n, s} for each < A < A p . 

For each p <G dB n / 2 (s) we can define A p as before, then A p > 0. Using (1.16), 
(3.31), (Kl), (fl), (Kfl), the symmetry properties of K and /, and Lemma 3.7, we 
may imitate the proof of Lemma 3.3 to conclude that 

A p > vr/2 for each p <G dB n / 2 ( s )- 
The desired assertion thus follows. □ 

Proof of Theorem 1.7. Under the conditions in Theorem 1.7, we can argue as in 
the proof of Theorem 1.6 to show that 

v ~ v s ^ /2 > on S Sj7r/2 \ {n}. 

Together with condition (K2) and (f2), we obtain that 

-A§ 2 (t>-f Si7r/2 ) > 0, on S Sj7r/2 \{n}, 

and, due to (Kf2), this inequality is strict somewhere in S S 7r / 2 \ { n }- Hence we 
can follow the proof of Theorem 1.4 to show that 

v ~ > 0, on S Pi7r/2 \ {n} 

for any p G dB w / 2 (s). The proof is complete. □ 
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4. Appendix 



In this section, we prove a Lemma from which Lemma 3.2 follows. For n > 3, 
let O be an open set in W 1 \ -Bi(O). Consider 

(4.1) -Av(y)+J2 b -^-v i (y) + ^v(y)>0, v > 0, in O, 

where 6j, c € L°°(0). 



Lemma 4.1. For n > 3, Zet be an open set in W 1 \ Bi(0). Assume v G 
C 2 (0) nC°(0) is a solution of (4-1)- Ifh,c G L°°(0) and there exists a constant 
cq > such that 



v(y) > 



co 



H n-2> 



on 



do 



and 



liminf > 0. 

|2/|->oo 



Then there exists a constant c\ > such that 

ci 



\y 



n-2 • 



in O. 



Proof. The proof is based on the argument of [22, Lemma 2.1]. Let = |y| 2 n + 
jyl 1 -™, then 

-Ae(y) = -(n-l)|y|-«- 1 . 
By the condition on bi(x) and c(x), there exists i? > 1 large enough, such that 

-A^y) + p^^y) + ^(y)<0, in O\B R (0). 

Since w > in O, there exists some e > such that 

v{y)>e£(y), for \y\ = R, yeO, 

and 



co 



12-71 



><£(y), on dO. 



We have 



f -A( V - eO + £ $r(«i - e&) + - e£) > 0, O \ B fl (0) 
t>-e£>0, on 9(O\B fl (0)) 



x liminf i^ooO ~ e 6 > 0. 
By the maximum principle, v — e£ > in O \ Br(0). Thus for some constant 
ci > 0, 



w > 



ci 



| y |2-n 



, in O. 



□ 



3.3 



We have the following equivalent lemma on a bounded open set of W 1 . For 
n > 3, let be a bounded open set in R n , let pefl. Consider 

n 

(4.2) -Av{y) + \y-p\J2bi{y)vi(y) + c{y)v(y)>0, v > 0, in Q, 

i=i 

where bi,c G L°°(Q). 

Lemma 4.2. For n > 3, /ei $7 6e a bounded open set in W 1 , p£fl. Assume that 
v G C 2 (f] \ {p}) n C°(ft \ {p}) is a sotoion o/ ft.jg;. // 6j, c G L°°(0) and 

inf v > 0. 
an\{ P } 

T/ien f > ci in £l\ {p} /or some constant c\ > 0. 
Proof. Let 

ft := jz G M n |p + ^73^2 G ^} ' 
and make a Kelvin transform with respect to p, 

-/ \ 1 ( z — P \ 

|z - p[ n 2 V F — Pi / 

Then {i G (7 2 (f2) n C°(fi). It is easy to check that v satisfies 

-Av+> , n ; ,„ -u i (z) + 1 — - — -T-j-u(z) > 0, v>0, in n, 

k - p k — p 

where b{, c G L°°(f2) and 

> i —i — n, on <9ft. 

^ ' ~ \z- p[ n - 2 ' 

for some constant Co > 0. /,From Lemma 4.1, we get 5(2) > \ z J^\ n -'2 in ft for some 
constant c\ > 0. The conclusion of Lemma follows easily. □ 

Remark 4.1. It is easy to see from the proof that A can be replace by aijdij with 
aij G (7° (SI), (aij) > in ft. In fact the same conclusion holds for more general 
operators. 

Acknowledgement 

Q. Jin would like to thank MSRI for the financial support during the visit in 
the fall of 2006. Part of the work was completed while Y. Y. Li was visiting 
Departement de Mathematique, Universite Paris VI, he thanks the host T. Aubin 
and the institute for the kind invitation and hospitality. 



34 



References 

[1] M. Berger, P. Gauduchon and E. Mazet, Le spectre d'une variete riemannienne, Lecture 

Note in Math. 194, Springer 1971. 
[2] G. Bianchi and X.B. Pan, Yamabe equations on half-spaces, Nonlinear Analysis 37 (1999), 

161-186. 

[3] M. F. Bidaut-Veron and L. Veron, Nonlinear elliptic equations on compact Riemannian 
manifolds and asymptotics of Emden equations, Invent. Math. 106 (1991), 489-539. 

[4] H. Brezis and Y.Y. Li, Some nonlinear elliptic equations have only constant solutions, J. 
Partial Differentiaql Equations 19 (2006), 208-217. 

[5] H. Brezis and L. A. Peletier, Elliptic equations with critical exponent on spherical caps of 
S z . J. Anal. Math. 98 (2006), 279-316. 

[6] L. A. Caffarelli, B. Gidas and J. Spruck, Asymptotic symmetry and local behavior of semi- 
linear elliptic equations with critical Sobolev growth, Comm. Pure Appl. Math. 42 (1989), 
271-297. 

[7] M. G. Crandall and P. H. Rabinowitz, Bifurcation from simple eigenvalues, J. Funct. Anal. 

8 (1971), 321-340. 
[8] P. Delanoe, On the local k-Nirenberg problem, preprint, 2006. 

[9] R. H. Fowler, Further studies on Emden's and similar differential equations, Quart. J. Math 
2 (1931), 259-288. 

[10] B. Gidas, W.-M. Ni and L. Nirenberg, Symmetry and related properties via the maximum 

principle, Comm. Math. Phys. 68 (1979), 209-243. 
[11] B. Gidas, W.-M. Ni and L. Nirenberg, Symmetry of positive solutions of nonlinear elliptic 

equations in R", Advances in Math. Supplementary Studies 7A (L.NACHBIN ed.) (1981), 

369-402. 

[12] B. Gidas and J. Spruck, Global and local behavior of positive solutions of nonlinear elliptic 

equations, Comm. Pure Appl. Math. 34 (1981), 525-598. 
[13] Z.-C. Han, A Kazdan-Warner type identity for the a k curvature, C. R. Math. Acad. Sci. 

Paris 342 (2006), 475-478. 
[14] J. L. Kazdan and F. W. Warner, Scalar curvature and conformal deformation of Riemannian 

structure, J. Diff. Geom. 10 (1975), 113-134. 
[15] A. Li and Y.Y. Li, On some conformally invariant fully nonlinear equations, Comm. Pure 

Appl. Math. 56 (2003), 1414-1464. 
[16] Y. Li, On the positive solutions of Matukuma equation, Duke Math. J. 70 (1993), 575-589. 
[17] Y. Li and W.-M. Ni, On the existence and symmetry properties of finite total mass solutions 

of the Matukuma equation, the Eddington equation and their generalizations, Arch. Rational 

Mech. Anal. 108 (1989), 175-194. 
[18] Y. Li and W.-M. Ni. On the asymptotic behavior and radial symmetry of positive solutions 

of semilinear elliptic equations in R". I. Asymptotic behavior, Arch. Rational Mech. Anal. 

118 (1992), 195-222. 

[19] Y. Li and W.-M. Ni, On the asymptotic behavior and radial symmetry of positive solutions 
of semilinear elliptic equations inR n , Part II, Radial symmetry, Arch. Rational Mech. Anal. 
118 (1992), 223-244. 

[20] Y.Y. Li, Remark on some conformally invariant integral equations: the method of moving 

spheres, J.Eur.Math. Soc. 6 (2004), 153-180. 
[21] Y.Y. Li, Conformally invariant fully nonlinear elliptic equations and isolated singularities, 

J. Funct. Anal. 233 (2006), 380-425. 
[22] Y.Y. Li and L. Zhang, Liouville-type theorems and Harnack-type inequalities for semilinear 

elliptic equations. J. Anal. Math. 90 (2003), 27-87. 
[23] C.-S. Lin, Uniqueness of solutions to the mean field equations for the spherical Onsager 

vortex, Arch. Ration. Mech. Anal. 153 (2000), 153-176. 
[24] L. Nirenberg, Topics in nonlinear functional analysis, New York Univ. Lecture Notes, New 

York, 1974. 



35 



[25] M. Obata, The conjecture on conformal transformations of Riemannian manifolds, J. Diff. 
Geom. 6 (1971), 247-258. 

[26] P. H. Rabinowitz, A global theorem for nonlinear eigenvalue problems and applications, 
Contributions to Nonlinear Function Analysis, Academic Press, 1971, p. 11-36. 

[27] R. Schoen and S. T. Yau, Lectures on Differential Geometry, International Press, Cam- 
bridge, MA, 1994. 

[28] L. Veron, Personal communications, 2005. 

[29] J. Viaclovsky, Some fully nonlinear equations in conformal geometry, Differential equations 
and mathematical physics (Birmingham, AL 1999), Amer. Math. Soc, Providence, RI, 2000, 
425-433. 



